In this paper we give a finer classification of the dynamical types of the orientationpreserving isometries of the hyperbolic 5-space and characterize them algebraically. We also derive the parameter spaces of isometries of fixed dynamical type.
Introduction
In this paper, we aim to study the dynamics of the orientation-preserving isometries of the hyperbolic 5-space H 5 and to find the parameter spaces of the isometries with fixed dynamical type. Following Kulkarni [11] we have classified the dynamical types of isometries of hyperbolic space of any dimension. It is finer than any of the existing classification in the literature and one can read the dynamical invariants from this classification. The orientation-preserving Möbius group M + (4). i.e. the group of orientation-preserving conformal diffeomorphisms of S 4 , acts as the group of orientation-preserving isometries of H 5 and can be identified with GL 2 (H), the group of all 2 × 2 matrices with quaternionic entries. By looking at this representation of M + (4) as quaternionic matrices and based on the above classification of dynamical types, we have found out suitable algebraic characterizations of the dynamical types of elements in M + (4).
The corresponding algebraic characterizations for M + (n), n ≤ 3 have been studied by several authors. For dimensions n = 1, 2 the algebraic characterizations are well-known and can be found in [2] , [10] , [14] . Based on his classification [11] Kulkarni has characterized those algebraically in [10] . He considered the conjugacy invariant c(A) = and also the orientation-reversing isometries of H 3 . For arbitrary dimension, Lars V. Ahlfors [1] related orientation-preserving Möbius transformations to two by two matrices whose entries are in Clifford algebras. Waterman followed Ahlfors' in [15] , [4] . In the case n = 3, 4 the relation of Möbius transformations with 2 × 2 quaternionic matrices can be thought of as restriction of Ahlfors' method to these dimensions [4] , [15] , [16] . Kellerhals and Parker et al have recently used quaternionic Möbius transformations to study orientation-preserving isometries of the hyperbolic 4-space [6] , [12] and hyperbolic 5-space [7] . But in most of these papers the dynamical types of the isometries of the hyperbolic space have been divided into three mutually exclusive and disjoint classes, namely, elliptic, parabolic and hyperbolic. In [12] Parker et al have given a finer classification of dynamical types of the orientation-preserving isometries of hyperbolic 4-space and have found out their algebraic characterization. We have done it for the hyperbolic 5-space in this paper. Now, here is a brief summery of the paper: After describing our definitions of dynamical types, we have described some preliminaries of quaternions and the group GL 2 (H) in section-2. In section-3, independent of the methods of Ahlfors [1] or Waterman [15] , we have identified GL 2 (H) with the group of all orientation-preserving isometries of H 5 . Using geometric methods we have computed the conjugacy classes in GL 2 (H) in section-4. In section-5 we have algebraically characterized the dynamical types in GL 2 (H). In this section we have proved our main theorem, which is the following:
Define,
a 0 .
Then we have the following.
(i) A acts as an 2-rotatory stretch if and only if c 1 = c 3 .
(ii) A acts as a 2-rotatory elliptic or 1-rotatory stretch if and only if In section-6 we have parametrized the orientation-preserving isometries with a fixed dynamical type by real manifolds.
Notations: First note that to any group G we can associate another group which is the quotient group G modulo its center Z(G). We denote it by P G and called it projective version of G. That is, P G = G/Z(G). For any skew-field K the group all n × n invertible matrices with entries in K is denoted by GL n (K). If K is a field then GL n (K) turns out to be the group of all n × n matrices over K with non-zero determinant. In this case SL n (K) denotes group of all n × n matrices over K with determinant one. We denote by R + the multiplicative group of all positive reals, by R * (resp C * ) the multiplicative group of all non-zero reals (resp. non-zero complex numbers), by Z the ring of all integers. H n+1 denotes the hyperbolic n + 1-space. Its conformal boundary is S n .
Preliminaries
In this section we give our definition of dynamical types of isometries of the hyperbolic space of dimension n + 1 and have discussed some basic properties of quaternions and GL 2 (H) which will be used in the rest of the paper.
Dynamical Types of Isometries of H n+1
Classically (cf. [13] , [9] ) an isometry of the hyperbolic n+1-space H n+1 said to be elliptic if it has a fixed-point in H
n+1 . An isometry is said to be parabolic (resp. hyperbolic) if it has no fixed-point on H n+1 and has exactly one (resp. two) fixed point on the boundary sphere at infinity. Now for an orientation-preserving isometry f of H n+1 , we do the finer classification as follows.
k-rotatory elliptic
Suppose f is elliptic and f has also a fixed-point on the boundary at infinity of H n+1 . Then restriction of f on the boundary sphere can be conjugated to an orthogonaltransformation of E n (cf [8] , [13] ). Let Λ be an affine subspace of dimension n − 2k ≥ 0. Let Π be a 2k-dimensional plane orthogonal to Λ. Let
Suppose f acts as identity on Λ and rotation in an angle θ i on each V i . We call f a k-rotatory elliptic of H n+1 with rotation angle Θ = (θ 1 , ...., θ k ).
If f is an elliptic and f has no fixed-point on the boundary, then we call f as rotatory special elliptics.
k-rotatory parabolic
Suppose f be a parabolic isometry of H n+1 . In this case (cf. [13] ) restriction of f to the boundary sphere is conjugate to an isometry of E n the form Ax + b of E n , where A is an orthogonal transformation of E n . We can read the rotation angles of A. We call f a k-rotatory translation with rotation angle Θ = (θ 1 , ..., θ k ) and translation length b if A is k-rotatory orthogonal map. When f is a 0-rotatory parabolic, we call it a pure translation.
k-rotatory stretch
If f is hyperbolic, then (cf [13] ) the restriction of f to the boundary sphere is conjugate to a similarity of the form rAx, r non-zero positive real and A is an orthogonal map of E n . If A is k-rotatory with rotation angle Θ = (θ 1 , ...., θ k ), we call f a k-rotatory stretch with rotation-angle Θ and stretch-factor r. When the rotation angle Θ is zero, we call f a pure stretch. Now we note the following lemma. 
where H i (S 2m ) is the i-th homology group of S 2m . Let f * i be the induced map by f at the i-th homology level. Since the map f is orientation-preserving we have tracef * i = 1 for i = 0, 2m. Hence the Lefschetz number 
The Quaternions
The space of all quaternions H is the four dimensional real algebra with basis {1, i, j, k} and multiplication rules
. Let a = a 0 + a 1 i + a 2 j + a 3 k and b = b 0 + b 1 + b 2 j + b 3 k be two elements in H. Then addition and multiplication in H has respectively defined as follows.
With respect to these operations H has a structure of a skew-field.
Also H can be considered as a left vector-space over C spanned by {1, i}. After choosing {1, i, j, k} as a basis for H, with respect to the above choice of C we can write H = C ⊕ Cj. That is, every element a in H can be uniquely expressed as a = c 0 + c 1 j, for c 0 , c 1 are complex numbers. (
The determinant of the co-efficient matrix of the above system of equations is given by (b
2 , which is zero with respect to the second condition. Hence the system must have a non-zero solution.
q.e.d.
Corollary 2.2
The similarity class of every quaternion α contains a pair of complex conjugates with absolute-value |α| and real part equal to ℜα.
The group GL 2 (H)
First we note the following lemma [3] about GL 2 (H) which will be very useful in our study.
Theorem 2.1 The group GL 2 (H) can be embedded in the group GL 4 (C).
Proof:
Then we can write A = A 0 + A 1 j, where
Now we define the map p :
It is easy to verify that p is a injective homomorphism.
Now consider H 2 as the right vector-space over H. Let P 1 (H) be the projective space over the quaternions. That is, P 1 (H) is obtained by identifying lines through origin (that is, one-dimensional right vector subspaces) in H 2 . Let x y denotes the equivalence class of x y ∈ H 2 − {0}. We define ∞ to be the equivalence class x 0 . We can identify P 1 (H) with the extended quaternionic spaceĤ = H ∪ ∞ by the map: 
This induces the action of GL 2 (H) on P 1 (H) as the group of orientation-preserving linear-fractional transformations and the action is given by:
where Z = uv −1 corresponds to the element u v . LetÃ be the induced map on
by A in GL 2 (H). Since P 1 (H) is topologically S 4 , the following lemma follows from the proof of the preceeding lemma.
Lemma 2.2 Every orientation-preserving linear-fractional of P
1 (H) has a fixed point on
As a corollary of this lemma we have the following theorem from linear algebra.
Corollary 2.3 Every matrix of GL 2 (H) has a right eigen-vector.

The Group M(4)
Let M(4) be the group of diffeomorphism of S 4 which is generated by inversions in spheres. Recall that, an inversion in a round n-sphere S ofÊ n+1 is the unique conformal diffeomorphism which pointwise fixes S and interchange the components ofÊ n+1 − S. The following is a important property of inversions.
Proposition 3.1 An inversion in a round sphere inÊ
n+1 maps round k-spheres onto round k-spheres for any value of k. Now we have the main proposition of this section.
. We identify H with R 4 . In terms of quaternions the inversion in a sphere S a , r = {Z : |Z − a| = r} is given by σ a,r : Z → a + r 2 (Z −ā) −1 . Thus every inversion is contained in the group M(4). Hence M(4) ⊂ G.
To show the reverse inclusion, consider the special types of transformations, namely, the Euclidean similarities. These form a subgroup S(4) of G. Note that in quaternionic expressions,
Now note the following observations. (i) The stretches Z → rZ, r > 0, r = 1, can be expressed as product of two inversions
(ii) The translations Z → Z + a can be expressed as a product of two reflections in parallel hyperplanes L and M , where the hyperplanes are such that both are normal to the line generated by the vector corresponding to a and the shortest vector between L and M corresponds to Since S(4) is generated by the transformations describe above, hence we see that every element in S(4) can be expressed as a product of inversions. Hence S(4) ⊂ M(4). Now we claim that M(4) acts transitively onĤ. That is, for all P ∈Ĥ there exists f ∈ M(4) such that f (0) = P . This follows because of the fact that translations are transitive on H and the map g : Z →Z −1 carries ∞ to 0. Now observe that S(4) is the stabilizer subgroup M + (4) ∞ of G which fixes the point ∞. Hence the group M(4) contains M + (4) ∞ . As for all P ∈Ĥ, there exists f ∈ M(4) such that f (∞) = P , we have M
Note that every element of M + (4) has a fixed-point on
Since the group G is generated by M + (4) and the map g : Z →Z of M(4) hence we have G is contained in M(4). This shows that G = M(4).
The following lemma follows from the proof of the above theorem. :
Proof: The transitivity of GL 2 (H) follows from the fact that in the induced action the translations Z → Z + a acts transitively on H and Z → Z −1 maps 0 to ∞. q.e.d.
Note that for any non-zero real r the elements A and rA induce the same diffeomorphism on P 1 (H). That is, an element A in GL 2 (H), upto multiplication by a non-zero real diagonal matrix, induces a unique diffeomorphism on P 1 (H). Since the center of GL 2 (H) is precisely the set of real diagonal matrices, this allows us to identify M + (4) with the group PGL 2 (H). It follows from a classical theorem of conformal geometry (cf. [8] ) that the group M(4) acts as the full group of isometries of the hyperbolic 5-space.
Thus we have the following corollary. 
Conjugacy Classes in GL 2 (H)
Consider H as the two-dimensional left vector-space over C generated by {1, j}. That is, take H = C ⊕ Cj.
. We have seen that every element of M + (4) has a fixed-point on H 5 . Conjugating f , we can assume that fixed-point to be ∞, that is, we can take c to be 0 in the expression for f . The lift of f in GL 2 (H) is the upper-triangular matrix
Since every quaternion is conjugate to an element in C, let a = v{le iθ }v Now consider an matrix A as above.
Case (i):
Suppose r = s , θ = φ. Then A induces a 2-rotatory elliptic onĤ, namely, the map f :
that is, gf g −1 (X) = e iθ Xe iφ . Hence lifting g in GL 2 (H) we see that the matrix A is conjugate to the diagonal matrix
Case (ii): Let r = s. That is, A induces a transformation of the form α : Z → re iθ Ze iφ + b, r = 1, r > 0. We can conjugate α to α 0 : W → re iθ W e iφ . The conjugating map is β :
Hence in the lift at GL 2 (H) any matrix re Now note that T r,θ can not be conjugate to the matrices D r,s,θ,φ or D r,θ,φ . Since the later two matrices have at least one fixed-point on H, whence T r,θ can not have any fixed-point on H.
Also no two of D r,s,θ,φ and D r,θ,φ are conjugate to each-other. If it was so, then their corresponding matrices in GL 4 (C) should have conjugate to each-other. But the later is not possible as those matrices have different eigen-values in C.
Hence we have the following conjugacy classes in GL 2 (H): Proof: Since the characteristic polynomial is a conjugacy invariant for any matrix, the corollary follows by embedding the above conjugacy class representatives of GL 2 (H) into GL 4 (C). q.e.d.
Theorem 4.1 The conjugacy classes in GL 2 (H) are given by
(i) T r,θ = re iθ 1 0 re iθ , 0 ≤ θ ≤ π, r > 0. (ii) D r,θ,φ = re iθ 0 0 re iφ , 0 ≤ θ, φ ≤ π, r > 0. (iii) D r,s,θ,φ = re iθ 0 0 se iφ , 0 ≤ θ, φ ≤ π, r > 0, s > 0, r = s.
Algebraic Characterization of the dynamical types
Before proceeding further, note that we call an element A in GL 2 (H) as k-rotatory elliptic (resp, parabolic, stretch) if the induced isometry in H 5 has the same dynamical type. Now we have the following proposition.
where a 1 , a 2 , a 3 are expressions in a, b, c, d and a 0 = det(A C ). Define, Proof: We observe that c 1 , c 2 , c 3 are conjugacy invariants in PGL 2 (H) as they are invariant of conjugation and multiplication by a real matrix in GL 2 (H). Hence we can choose them as the conjugacy invariants for an isometry of H 5 which is induced by an element of PGL 2 (H). Now there are several cases.
Case (i):
A is elliptic. Then A is conjugate to a matrix D r,θ,φ =
We have, c 1 = (cos θ + cos φ) 4 = c 3 ,
There are the following possibilities.
(a) A is 1-rotatory elliptic, then θ = φ. So 
.(3)
Hence to have the equality (1) we must have the bracket term zero in expression (2). This is possible only when θ = φ.
Case (ii): A is parabolic.
Then A is conjugate to a matrix T θ = re
that is, a 3 = 2r cos θ, a 1 = 2r 3 cos θ, a 2 = 2(2 cos 2 θ + 1), a 0 = 1. and also A = rI for some real r. Otherwise it acts as the identity map.
Case (iii):
A is hyperbolic.
In this case, A is conjugate to a matrix D r,s,θ,φ = re
After breaking the right-hand expression we have χ(A C ) is
Note that, a 3 = r cos θ + s cos φ, a 2 = r 2 + s 2 + 4rs cos θ cos φ,
Thus,
In this case we have,
This shows that if the isometry induced by A hyperbolic then c 1 = c 3 if and only if A is either a pure stretch or 1-rotatory stretch.
Now let
We claim that If A is 1-rotatory stretch then c 
For θ = 0, π, A induces pure stretch. In case, A is a pure stretch we have
We claim that in this case, c 1 = 16. Because observe that,
Combining all the cases we have the theorem. q.e.d.
The following proposition gives us a way to distinguish between an 1-rotatory parabolic, 1-rotatory elliptic and pure stretch. Moreover if the characteristic polynomial of A C is equal to its minimal polynomial over C, then A acts as 1-rotatory parabolic. Otherwise, it is pure stretch or 1-rotatory elliptic according as the roots of the minimal polynomial of A C are all real or purely complex numbers.
Proof:
We have seen that if A is an 1-rotatory elliptic, then it is conjugate to a matrix D r,θ,θ . In case A is 1-rotatory parabolic, we have A conjugate to T r,θ . Since characteristic polynomial of a matrix is invariant of conjugation, note that in both cases
But observe that if A is 1-rotatory elliptic, then the minimal polynomial of A C is given by
But in case A is 1-rotatory parabolic m 1 does not annihilates A. In fact in this case, the minimal polynomial of A C is given by
which is equal to the characteristic polynomial.
If A is pure stretch, then A is conjugate to a matrix D r,s = r 0 0 s for some r, s, r = s. In this case also the minimal polynomial for A C is of degree 2 and is given by
But in the case when A is a pure stretch all the eigenvalues of A C are reals. This is because A is conjugate to D r,s,0,0 . Hence the eigenvalues of A C is equal to those of D r,s,0,0 C . The eigen-values of D r,s,0,0 C are r, s each with algebraic multiplicity 2. Whence in the case when A is 1-rotatory elliptic, the eigenvalues of A C are purely complex numbers given by re iθ and re −iθ , each with algebraic multiplicity 2, where θ = 0. Since the eigenvalues of a matrix over C are precisely the roots of its minimal polynomial, hence the proposition follows.
Finally we want to distinguish between 2-rotatory elliptics and 1-rotatory stretches. Proof: If A is 2-rotatory elliptic then A is conjugate to a matrix D r,θ,φ , (θ, φ) = (0, 0). Otherwise, A is conjugate to a matrix D r,s,θ,θ , r > 0, s > 0, r = s, θ = 0. The eigenvalues of D r,θ,φ C are given by re iθ , re −iθ , re iφ and re −iφ . Those for D r,s,θ,θ C are re iθ , re −iθ , se iθ and se −iθ . Since r = s, hence the proposition follows.
q.e.d
Hence combining the above three propositions we have the following result which gives an algebraic characterization of the dynamical types of elements in GL 2 (H).
Then we have the following. The above theorem also gives an algebraic condition for a matrix A in GL 2 (H) to have two linearly independent right vectors. Since the lines generated by the right vectors correspond to the points of P 1 (H), two linearly independent lines will correspond to two different points on P 1 (H). We have seen, that an element A of GL 2 (H) can not have more than two fixed-points on P 1 (H) and the above theorem gives that when it will have exactly two fixed-points. Thus pulling back the information for the linear action of GL 2 (H) on H 2 − {0}, we have: 6 Parameter space of the isometries with a fixed dynamical type
In this section we have parametrize the set of all orientation-preserving isometries of H 5 with a given dynamical type. The parameter spaces are obtained as real manifolds. Before proceeding further we first have the following lemmas. We note that these lemmas were proposed by Kulkarni in his lecture slides [11] .
Lemma 6.1 Let Li(m, n) be the set of all sets of m-linearly independent vectors in R n . Then Li(m, n) can be given a topology making it a nm-dimensional manifold.
Proof: Consider the set Li(m, m) whose elements are the the sets of m linearly independent vectors in a m-plane. It is well-known that this set has a topological structure and is homeomorphic to the Lie group GL m (R). So Li(m, m) has structure of a m 2 dimensional manifold. We also have the embedding η of M n×(n−m) into M n (R) by the map:
Using this map η we can induce determinant function on M n×(n−m) . For an element A in M n×(n−m) we define det A = det η(A). We have under the determinant map Li(n − m, n) = det −1 (R * ). Since det is continuous, we can consider Li(n − m, n) as an open sub-manifold of dimension n(n − m) of GL n (R) using restriction of the above embedding η. Now we consider the set Li(m, n). Clearly GL n (R) acts transitively on Li(m, n). The stabilizer subgroup at any point of this action will be homeomorphic to Li(n − m, m). Hence Li(m, n) has a bijection with the nm-dimensional manifold GL n (R)/Li(n − m, n). Using this bijection we can topologise Li(m, n) as a manifold of dimension n 2 −n(n−m) = nm.
Lemma 6.2 Let GΛ(m, n) be the space of all m-planes in R n . Then it can be given a topological structure with respect to which it will be homeomorphic to a manifold of dimension m(n − m). Using this fibration we can give GΛ(m, n) a topological structure as the base space of the principal fiber-bundle with total space Li(m, n) and fiber GL m (R). Hence as a manifold, dimension of GΛ(m, n) = {dimension Li(m, n)} − {dimension GL m (R)} = mn − m 2 = m(n − m).
Hence the lemma follows.
Now, let Λ m be a subspace of of R n of dimension n − 2k ≥ 1. Let Π 2k be a 2k-dimensional plane orthogonal to Λ m . Let Π 2k = V 1 ⊕ V 2 ⊕ ... ⊕ V k , where dimension of each V i is two. That is,
We are interested to get a topological description of the set D(2k) of all such decompositions of Π 2k .
Lemma 6.3
The set D(2k) can be given a natural topology with respect to which it has a structure of a manifold of dimension 2k(k − 1).
Proof: Clearly the set D(2k) has a bijection with the manifold GΛ(2, 2k)×GΛ(2, 2k − 2)× ..... × GΛ(2, 2). Using this bijection we can pull back the manifold structure to D(2k). Thus dimension D(2k) = 2(2k − 2) + 2(2k − 4) + .... + 2.2 = 2k(k − 1). q.e.d.
Now we are ready to parametrize the orientation-preserving isometries of H 5 of a given dynamical type. Proposition 6.1 Let E θ,φ be the set of all 2-rotatory elliptics of H 5 . Then E θ,φ can be given a topology making it homeomorphic to X = P DS × D(2.2) × R × R, where P DS = S 4 × S 4 − {diagonal} modulo the equivalent relation (P, Q) ∼ (Q, P ).
Proof: Note that the 2-rotatory elliptics have exactly two fixed-points on the boundary at infinity. We have seen, that the 2-rotatory elliptics are determined by their two fixedpoints, two rotation angles and the decomposition D(2, 2).Hence we will denote these by ρ P,Q,D,θ,φ . In fact these isometries fix pointwise the unique geodesic joining P and Q.
Hence the points (P, Q) and (Q, P ) of S 4 × S 4 determines the same 2-rotatory elliptic where P = Q. Observe that the set {ρ 0,∞,D,θ,φ | D ∈ D(2.2), θ ∈ (0, 2π), φ ∈ (0, 2π)} has a bijection with D(2.2) × (0, 2π) × (0, 2π). Hence the set E θ,φ has a bijection with
